Abstract. We compute the spectrum of quasinormal frequencies of regular black holes obtained in the presence of Non-Linear Electrodynamics. In particular, we perturb the black hole with a minimally coupled massive scalar field, and we study the corresponding perturbations adopting the 6th order WKB approximation. We analyze in detail the impact on the spectrum of the charge of the black hole, the quantum number of angular momentum and the overtone number. All modes are found to be stable. Finally, a comparison with other charged black holes is made, and an analytical expression for the quasinormal spectrum in the eikonal limit is provided.
In [20] this class of black holes was named "Bardeen black holes", while in [21] it was shown that the Bardeen model could be obtained within Einstein's General Relativity coupled to an appropriate non-linear electromagnetic source. Nowadays several regular black hole solutions are known, which have been obtained applying the same approach, that is assuming appropriate non-linear electromagnetic sources, which in the weak field limit are reduced to the standard Maxwell's linear theory. It is an approach that allows us to generate a new class of solutions to Einstein's field equations [22] [23] [24] [25] [26] [27] [28] [29] , which on the one hand have a horizon, and on the other hand their curvature invariants, such as the Ricci scalar R, are regular everywhere, as opposed to the standard Reissner-Nordström solution. Regular BHs may help us understand the final states of gravitational collapse [30, 31] , which is not possible when singularities are present.
Quasinormal modes (QNMs) are complex numbers that encode the information on how the black holes relax after the perturbation is applied. They depend on the type of perturbation (scalar, vector etc) and on the properties of the geometry itself, and they do no depend on initial conditions. The work of [32] marked the birth of BH perturbations, and it was later extended by [33] [34] [35] [36] [37] . A comprehensive overview of BH perturbations is summarized in Chandrasekhar's monograph [38] . Black hole perturbation theory and QNMs are relevant during the ringdown phase, in which a distorted object after the merging of two black holes is formed, and the geometry of spacetime undergoes dumped oscillations due to the emission of gravitational waves. For a review on the subject see [39] , and for a more recent ones [40, 41] .
Given the interest in gravitational wave Astronomy and on QNMs of black holes, it would be interesting to see what kind of QN spectra are expected from regular BHs. In previous works quasinormal modes of regular black holes were computed by several authors, see e.g. [42] [43] [44] [45] . It is the goal of the present article to compute the QNMs of regular charged black holes in the presence of non-linear electrodynamics assuming a massive scalar field as the test particle that perturbs the black hole. In particular, we shall consider one of the black holes obtained in [29] employing mass distribution functions. This regular black hole has already been discussed in [45] , our work however is different in several respects. In particular, i) we study scalar instead of gravitational perturbations, ii) we compute the QNMs for more values of the charge of the black hole approaching extremality, and iii) we adopt the WKB method of sixth order instead of third.
The plan of our work is the following: After this Introduction, we present the wave equation for scalar perturbations in Section 2.2. In the third Section we compute the QNMs of the black holes in the WKB approximation and we discuss our results. Finally, we conclude our work in Section 4. We use natural units such that c = G = = 1 and metric signature (−, +, +, +).
Formalism

Regular black hole in the presence of NLE
Let us consider a 4-dimensional theory described by the action
where R is the Ricci scalar, g the determinant of the metric tensor g µν , κ = 8π, and F ≡ (1/4)F µν F µν the Maxwell invariant with F µν being the electromagnetic field strength.
Varying the action with respect to the Maxwell potential A µ one obtains the generalized Maxwell equations [29] 
where we define L F ≡ dL/dF . Furthermore, varying the action with respect to the metric tensor one obtains Einstein's field equations
where G µν is the Einstein tensor, while the matter stress-energy tensor T µν corresponds to the electromagnetic energymomentum tensor [29] 
We seek spherically symmetric static solutions of the form
but instead of specifying the Lagrangian density L to obtain the metric function f (r), we assume that the solution for the metric lapse function corresponds to a known function instead [29] 
where M, q are the mass and the electric charge of the black hole, respectively. Among several possible choices we have opted for this particular regular black hole since the exponential function is a common place in Physics. A couple of notable examples are for instance the Liouville-type potential for the dilaton [46] or the Yukawa potential in nuclear physics that inspired the study of Yukawa black holes [47] . Introducing the distribution function σ(r) = exp(−q 2 /(2M r)), the temporal and radial components of Einstein's equations read
while the angular components read
Finally, the generalized Maxwell's equations are equivalent to the following equation
where the prime denotes differentiation with respect to r, and E = F tr is the electric field. Combining the equations of motion one can determine the electric field E(r) as well as the electromagnetic Lagrangian density as functions of the radial coordinate
and so one obtains the electromagnetic Lagrangian L(F ) in parametric form
Finally, the Ricci scalar is computed to be
and it is regular everywhere.
Perturbations for a test massive scalar field
First we consider a four-dimensional spherically symmetric fixed gravitational background of the form
where the metric function is given by [29] 
with M and q being the mass and the electric charge of the black hole, respectively. Clearly, when q = 0 we recover the Schwarzschild solution for a neutral BH, while expanding in powers of q we obtain the following approximate expression
The first 3 terms are precisely the ones corresponding to the well-known RN black hole solution, while higher powers are corrections to that. Then, we perturb the black hole with a probe minimally coupled massive scalar field with equation of motion
where µ is the mass of the test scalar field. We separate variables making the standard ansatz
with Y m l being the spherical harmonics, and we obtain a Schrödinger-like equation of the form
with x being the so-called tortoise coordinate
while the effective potential is given by the expression
where the prime denotes differentiation with respect to r. The effective potential as a function of the radial coordinate can be seen in Figure (1 ). The left panel shows the impact of angular momentum, the right panel shows the impact of the mass of the test scalar field that perturbs the black hole, while the panel in the middle shows the impact of the electric charge of the black hole. For asymptotically flat spacetimes the Schrödinger-like equation is supplemented by the boundary conditions at the horizon and at infinity [48] 
where A, C are arbitrary coefficients. The purely ingoing wave physically means that nothing can escape from the horizon, while the purely outgoing wave corresponds to the requirement that no radiation is incoming from infinity [48] . The quasinormal condition allows us to obtain an infinite set of discrete complex numbers called the quasinormal frequencies of the black hole. Given the time dependence of the scalar field, ∼ e −iωt , the mode is unstable (exponential growth) when ω I > 0 and stable (exponential decay) when ω I < 0. In the latter case the real part determines the frequency of the oscillation, ω R /(2π), while the inverse of |ω I | determines the dumping time, t 3 QNMs of regular BHs in the WKB approximation
Numerical results
Computing the QNMs of black holes analytically is possible only in some cases, see e.g. [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] . Semi-analytical methods based on the WKB approximation [60, 61] are perhaps the most popular ones, and they have been applied extensively to several cases. For an incomplete list see e.g. [62] [63] [64] [65] [66] [67] , and for more recent works [42, [68] [69] [70] [71] , and references therein. The QN frequencies are given by
where n = 0, 1, 2... is the overtone number, ν = n + 1/2, V 0 is the maximum of the effective potential, V 0 is the second derivative of the effective potential evaluated at the maximum, while Λ(n), Ω(n) are complicated expressions of ν and higher derivatives of the potential evaluated at the maximum, and can be seen e.g. in [42, 63] .
Here we have used the Wolfram Mathematica [72] code with WKB at any order from one to six (here we have worked in 6th order) presented in [73] . We have fixed the mass of the black hole to be M = 1, the mass of the test scalar field is taken to be either µ = 0 or µ = 0.1, while for the electric charge q we have considered 6 values from 0.2 to 1.2 (the extremal black hole is obtained for q 1.213), so that the numerical results go smoothly to the Schwarzschild limit as q → 0. In [74] it was shown that the WKB approximation works very well for l > n, and therefore here we shall consider the cases i) l = 1, n = 0, ii) l = 2, n = 0, n = 1 and iii) l = 3, n = 0, n = 1, n = 2. We have also included the lowest multiple l = 0, n = 0 since it corresponds to the fundamental mode, although we do not expect the approximation to be very good. Finally, we consider non-extremal black holes (for the extremal case see [75] ), while the eikonal regime l 1 will be considered separately in the end before concluding our work. Our numerical results for the QN modes of the charged regular black holes are summarized in the tables below. In the last 2 tables we have made a direct comparison between regular black holes and the standard Reissner-Nordström (RN) black hole [18] for l = 1, n = 0 and l = 2, n = 0. The values of the frequencies corresponding to the massless scalar field case are shown in parenthesis. We see that for µ = 0 the real part is lower, while the imaginary part is more negative compared to the µ = 0.1 case.
For better visualization we show graphically how the QNMs depend on the angular momentum, the overtone number as well as the electromagnetic coupling. In particular, the first row of 3 shows the real and imaginary part of the frequencies versus q for 3 different values of the overtone number n = 0, 1, 2 and fixed angular momentum l = 3, while the second row of the same figure shows the real and imaginary part of the frequencies versus q for 4 different values of angular momentum l = 0, 1, 2, 3 and fixed n = 0. The real part increases with the electric charge and with the angular momentum, like in the case of RN. In other theories too, such as Born-Infeld and Gauss-Bonnet gravity, the real part of QNM of charged BH increases with the electric charge [65, 66] . The imaginary part becomes more and more negative with the electric charge, and less and less negative with the angular momentum, like in the RN case [76] . It is worth commenting on the characteristic minimum of the imaginary part (or maximum if one plots −Im(ω) versus q) for some value of the electric charge close to its maximum value, like in the RN case (also observed in [70] for charged BHs in the EpM theory) and contrary to Born-Infeld NLE and Gauss-Bonnet gravity, where the imaginary part is a monotonic function of the electric charge [65, 66] .
QNMs in the eikonal approximation
In the eikonal approximation (l 1) the WKB method becomes increasingly accurate, and it is possible to obtain analytical expressions for the QN frequencies. In the eikonal limit (l → ∞) the angular momentum term is the dominant one in the effective potential
where we introduce a new function g(r) = f (r)/r 2 , and it is easy to verify that the maximum of the potential is located at r 1 that is computed solving the following algebraic equation
Then, following the formalism developed in [77] , the QN modes in the eikonal limit can be computed by the formula
where the Lyapunov exponent λ L is given by [77] 
while the angular velocity Ω c at the unstable null geodesic is given by [77] Ω c = f (r 1 ) r 1 (27) Notice that the same expressions for Ω c and for λ L may be obtained applying the WKB approximation of 1st order, as it was done e.g. in [78] . Therefore, although in the presence of non-linear electromagnetic sources photons follow the null trajectories of an effective geometry rather than the null geodesics of the true geometry [79] [80] [81] , the previous expressions for Ω c and for λ L remain the same. We see that the angular velocity determines the real part of the modes, where only the degree of angular momentum l enters, while the Lyapunov exponent determines the imaginary part of the modes, where only the overtone number n enters. In Fig. (2) we show the angular velocity (left panel) as well as the Lyapunov exponent (right panel) as a function of q for M = 1. For comparison reasons we show in the same figure the corresponding quantities for the standard RN solution. The angular velocity increases monotonically with the electric charge, while the Lyapunov exponent reaches a maximum value first and then it decreases as opposed to the Bardeen black hole studied in [42] , where it was found that λ L decreases monotonically with q. The angular velocity of the regular BH lies below Ω c of the RN BH, while the Lyapunov exponent of the regular BH lies above λ L of the RN solution. The figure show that for the same BH parameters M, q and the same angular degree l, the regular BH solution is characterized by a lower real part and a higher imaginary part, and the differences grow as we approach extremality. Finally, when studying the QNMs of a black hole stability of the system is one of the most important results. The conditions obtained in [82] allow us to make a simple test on the dynamical stability of the black hole studied here. The conditions are the following
where H is the Hamiltonian density of the system, and x = q 2 /r 2 . These conditions should hold for any r > r H or in the range 0 < x < x H , where x H = (q/r H ) 2 . For the exponential mass distribution function considered in this work the Hamiltonian is computed to be [29] H = P e −U
where P = (1/4)P µν P µν , P µν = L F F µν , and U is given by
The Hamiltonian density as a function of x is found to be
and its derivatives can be computed in a straightforward manner. It is easy to verify that all the aforementioned conditions are satisfied for M = 1 and 0 < q < 1.2. 
Conclusions
In this article we have computed the quasinormal modes of four-dimensional charged regular black holes in the presence of Non-Linear Electrodynamical sources. We have studied scalar perturbations using a Schrödinger-like equation with the appropriate effective potential, and we have adopted the popular and extensively used WKB approximation of 6th order. Our numerical results are summarized in tables, and we have shown graphically the impact on the spectrum of the electric charge of the black hole as well as of the overtone number and of the quantum number of angular momentum. All modes are found to be stable. A comparison with the RN and other charged black holes is made, and an analytical expression for the QN spectrum in the eikonal limit has been obtained. Fig. 3 . The first row shows the real and imaginary quasinormal frequencies vs the electric charge of the black hole taking l = 3, M = 1 and µ = 0.1 for: i) n = 0 (solid black line), ii) n = 1 (dashed red line) and iii) n = 2 (dotted-dashed cyan line). The second row shows the real and imaginary quasinormal frequencies vs the electric charge of the black hole taking n = 0, M = 1 and µ = 0.1 for: i) l = 1 (solid black line), ii) l = 2 (dashed red line), iii) l = 3 (dotted-dashed cyan line) and iv) l = 0 (long dashed orange line).
